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The h y d r o d y n a m i c s  and the m a s s  t r a n s f e r  ha a l i qu id  l a y e r  a t  a r o t a t i n g  s u r f a c e  a r e  a n a l y z e d  
in the b o u n d a r y - l a y e r  a p p r o x i m a t i o n  wi thout  undula t ion .  

A c e n t r i f u g e  wi th  a s p i r a l  channe l  r o t a t i n g  a t  a c o n s t a n t  a n g u l a r  v e l o c i t y  [1-4] is  a m o d i f i e d  v e r s i o n  
of  f i l m - t y p e  hea t  e x c h a n g e r s  wi th  v o r t e x  flow. The  thin l i qu id  f i lm  in such  an a p p a r a t u s ,  whi le  f lowing 
f r o m  the c e n t e r  to the p e r i p h e r y  a l o n g  the  in s ide  s u r f a c e ,  is in c o n t a c t  wi th  a gas  s t r e a m .  The a u t h o r s  
a n a l y z e  h e r e  the h y d r o d y n a m i c s  and the m a s s  t r a n s f e r  in such  an a p p a r a t u s .  

1, L e t  the x ax i s  be  an a r c  a long  the we t t ed  wal l  of  a s p i r a l  channe l  and  l e t  the y ax i s  be n o r m a l  
to  tha t  wa l l .  The  l iqu id  wi l l  be a s s u m e d  i n c o m p r e s s i b l e ,  the  f low wi l l  be a s s u m e d  s t e a d y  and i s o t h e r m a l .  
A thin l a y e r  of  l i qu id  m o v e s  wi thou t  undula t ion  a long  an A r c h i m e d e s  s p i r a l  whose  equa t ion  in p o l a r  c o o r d i -  
n a t e s  r ,  6 is r = k0 (k > 0). It is  a s s u m e d  tha t  the  p r e s s u r e  g r a d i e n t  in the  l a y e r  is  due to r o t a t i o n  only .  
On t h e s e  p r e m i s e s ,  then ,  the  flow of  a thin l a y e r  can be  d e s c r i b e d  by  the  P r a n d t l  equa t ion :  
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with  the r a d i u s  of  c u r v a t u r e  R(x) equa l  to  
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in c y l i n d r i c a l  c o o r d i n a t e s ,  r 6 = d r / d 0 ,  r00 = d2 r /d02 ,  and w h e r e  X,  Y a r e  the p r o j e c t i o n s  of body f o r c e s  
on the  x ax i s  and the y a x i s ,  r e s p e c t i v e l y .  The body  f o r c e s  a c t i n g  on the p a r t i c l e s  of  a l i qu id  f i lm  a r e  the  
c e n t r i f u g a l  f o r c e  F c = w2R(x) and the C o r i o l i s  f o r c e  of i n e r t i a  F-i = 20: • v. If the  s p i r a l  r e v e r s e s  i t s  d i r e c -  
t ion  of r o t a t i o n ,  th i s  wi l l  be r e f l e c t e d  on ly  in the  s e c o n d  of  t h e s e  f o r c e s .  The p r o j e c t i o n s  of  t h e s e  body  
f o r c e s  on the x and y a x e s  a r e  

X = o)~R (x) cos cz : 2o)v, 

Y = --- ~ R  (x) sin c~ ~ 2o~u, (2) 

w h e r e  the  upper  s ign  c o r r e s p o n d s  to  c l o c k w i s e  r o t a t i o n  and the  l o w e r  s ign  c o r r e s p o n d s  to c o u n t e r c l o c k -  
w i s e  r o t a t i o n ,  and  w h e r e  a is the  ang le  f o r m e d  by  the  v e c t o r  of the c e n t r i f u g a l  f o r c e  and the t angen t  in 
the  p o s i t i v e  d i r e c t i o n ;  s i n c e  tan a = r / r @  = 0, hence  

1 0 
cos , = s i n  Y . 
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In the var iab les  O, y the s y s t em  of equations (1) becomes 

- - - - - - . . ~  . . . .  I t  . . . . . . . . .  X 

R (o) f) Oy 

1 0u + a v = 0  ' 
kVO2-F1 ao oy 

F rom the condition of adhesion at the wall it follows that 

u=:0,  v = 0  

at  y =0 .  

We will solve s y s t e m  (3) by the method of integral  re la t ions .  With fr ict ion a t  the sur face  a s su med  
negl igible ,  we have at y = 6 the conditions 

-~ O, p == Pc, = const, u = v. 

The boundary conditions (4) and (5) a r e  sa t i s f ied  by the second-degree  polynomial  

t 
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with v found f rom the express ion  for  the flow ra te  .t udy = q = const:  
O 
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El iminat ing the p r e s s u r e  f rom the second equation in (3), we find 8p /80 .  Using this quantity and inte-  
grat ing the f i r s t  equation in (3) with r e s pec t  to y over  the ent i re  boundary l aye r ,  we obtain an equation 
which is nonl inear  with r e s p e c t  to 6(0). In d imens ion less  coordinates  this equation becomes  

(7) 
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where  the upper sign co r re sponds  to clockwise rotat ion and the lower  sign co r responds  to counte rc lock-  
w ise rotation.  

Equation (8) was solved numer ica l ly ,  on a model M-20 computer ,  by the R u n g e - K u t t a  method with 
an automat ic  s tep adjus tment .  The curves  in Fig. l a  r e p r e s e n t  a typical  re la t ion  between the thickness  
of the l iquid fi lm and the length of the sp i ra l  on which it has fo rmed,  for var ious  values of the h y d r o d y -  
namic  p a r a m e t e r s .  

The fi lm th ickness  in a s p i r a l  centr i fuge becomes  constant  under all  known operat ing conditions. 
The t ime  n e c e s s a r y  for the f i lm th ickness  to become constant  is a function of the Reynolds number  and 
of the angular  velocity:  as e i ther  i n c r e a s e s ,  the appara tus  will opera te  with a constant  f i lm th ickness  
sooner .  When 0 is l a r g e ,  this constant  f i lm thickness  can be found f rom Eq. (18) ana ly t ica l ly  by  inser t ing  
there  d6 /d0  = 0. 

.3 f3v0oq 

According to (9), the f i lm thickness  i nc reases  with higher  flow r a t e s  and d e c r e a s e s  with higher  angular  
veloc ity, depending a lso  on the cha r ac t e r i s t i c  sp i ra l  p a r a m e t e r  r 0/0 0. 

(9) 
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Fig. 1. Dimensionless  thickness of liquid film, as a function of the spira l  
length: a:  for 1) k = 1 and w = 10 with Re = 100; 2) k = 1 and ~ = 1 with Re 
= 100; b:  for k = 1 and ~ = i with Re = 20; 0 E [~r/2, 2~r]. 

Fig. 2. Thickness of the liquid film (curves i and 3) and thickness of the 
diffusion layer  (difference between curves 1 and 2 or between curves 3 and 
4), as functions of the spiral  length: 1, 2) k = 1 ,~  = s Re = 100, Pr  = 1000; 
3 ,4)  k = l ,  ~ =1 ,  Re =100,  Pr  =100. 

Under normal  operating conditions the film spreads  thinly over the walls of the spira l  channel. For  
a solution corresponding to this condition it is required  that dS/d0 be negative. Otherwise the operation 
of a spiral  centrifuge would break  down and "stall ing" would resul t ,  as indicated in Fig. lb .  The film 
thickness f i rs t  dec reases ,  as usually, but then increases  rapidly at some distance along the spiral  (0 ~ 5), 
which means this mass exchanger  has ceased to operate  normally.  The "stalling" condition is l a rge ly  
affected by the spira l  pa r ame te r  k and the angular velocity. We will, therefore ,  evaluate the "stall ing" 
conditions at various speeds.  

a. ~ << 1. Then db/dO is positive, i.e., at low speeds the apparatus a lmost  always "s tal ls ."  

b. ~>>1 .  Now 

77 - ~-(o ' -I- 5o~-1- 2) ( l o )  
2 (o'-' -4: 1).~f-~(o ~- -I- 2) " 

For a given spira l  at high speeds it is possible to match h 0 and 00 so as to sa t i s fy  condition (10) 
and avoid "stal l ing." 

c. At intermediate speeds the apparatus operates  without "stall ing," when 

g ( 0  ~ -!.- 502 -!- 2)  - 7 (02 -~- 2)  

2 + 2) < < 
(11) 

We will now determine the friction force T on a liquid film along the entire length L of a spiral  cen-  
t r  ifuge: 

L 

:= 1.44pvli 3 ( r,~ t qb'~(o4"3L. (12) 

0 

2. If the res i s tance  to mass t rans fe r  is concentrated within the liquid phase,  then the coefficient of 
mass  t r ans fe r  to the liquid phase can be calculated from the equation of convective diffusion 

Oc 8c O=c 
u - - - - @ v - -  = D - - -  (13) 

0;c @ O f '  

where velocit ies u and v must  be taken from the solution to the hydrodynamic problem (6). It is assumed 
that the diffusivity remains  constant  and that the molecular  t ranspor t  is much smal le r  t r ansve r se ly  than 
lengthwise. We now introduce a new sys t em of coordinates by a following t ransformat ion  of the original 
sys tem:  Yl = - y  + 5 and xi  = x, where the boundary conditions are  
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for y l = 0  c = c - ,  

c)c = O, c)~c 
�9 for g 1 = 6  d Oy ~tfl = O, c =  O. 

These  conditions a re  sa t i s f ied  by the t h i rd -deg ree  polynomial  

c (x. y)  _ ( 1 - gl ~s. 
(15) 

C,-, \�9 , 

Integrating (13) with respect to y from y = 5 -5  d to y = 5, i.e., over the thickness of the diffusion layer, 
and cons ider ing  the boundary conditions (145, we obtain 

ds ~ 80D 
dx - (5 --s~-)~d ' (16) 

where  s = 5d /5 .  

The solution to Eq. (16) will be wri t ten in quadra tures :  

150D C dx <17i  

For  the flow mode with a constant  f i lm thickness  Eq. (175 becomes 

where  

/ 

160D 
a -- (19) 

q6 

Let us now find the length of path along the spiral where the diffusion layer attains fuil growth, i.e., its 
thickness becomes equal to that of the liquid film. 

From (185 we have the length through which the diffusion layer grow s 

L * =  - - 9 - -  . (20) 
160 D 

The value found for the th ickness  of the diffusion l ayer  will be used for de te rmin ing  the mean coeff icient  
of mass  t r a n s f e r  to the liquid f i lm.  For  this ,  the diffusion cur ren t  to the in terphase  boundary will be 
ave raged  over  some  c h a r a c t e r i s t i c  dis tance L 

L 

i( )] [J=  L C .  . ..Oy Iu=~ 6a--L- - -  1 1 aL 1 / 2  _ 1 - -  1 - -  aL 3/e 

0 

The c h a r a c t e r i s t i c  dimension of a sp i ra l  can va ry ,  depending on the t es t  conditions and depending on the 
actual  geome t r i ca l  length L of the sp i r a l .  For  this r eason ,  we dis t inguish s e v e r a l  poss ib le  ca ses :  

a. L << L * ,  where  L* is calculated accord ing  to formula  (205. In this case  the thickness of the d i f -  
fusion l a y e r  is much less  than that of the liquid f i lm, i .e. ,  the diffusion l aye r  does not build up 
to the f i lm thickness .  In physica l  t e r m s ,  this cor responds  to high values of the Prandt l  number  
(Fig. 25. The length of the sp i ra l  L becomes  its cha r ac t e r i s t i c  dimension.  Then, expanding 
the express ion  under the s q u a r e - r o o t  sign in (21) into a s e r i e s  and reta ining the f i r s t  t e r m  only, 
we obtain a fo rmula  for the coeff icient  of mass  t r a n s f e r  to the liquid phase  

" . . . . . . .  ~ ' 1 ! 2 6L ~/'-'a ~/~ 1------750 aL , 

or, taking into account (9) and (19), 
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Fig. 3. Thickness  of the liquid f i lm (curve 1) and th ickness  of the 
diffusion l a y e r  (difference between curves  1 and 2), as functions 
of the s p i r a l  length: a) for k = 1, ~ = 1, Re = 3.00, P r  = 100, 0 
E i v / 2 ,  6Tr];b) f o r k = l ,  ~ = 1 ,  Re =100,  Pr  =200,  6 E[0 ,6~] .  

=: 2.8 ' D'"2 ~ t .-- 0.147 DL~ r0 ,/3 (22) 
\ Uo / ~;1/5 [,I/2 'Vl/3q 4/3 --0o- " 

We note that/3 is p ropor t iona l  to D 1/2 

b. L = L*. The length of the sp i r a l  is now comparab le  with that of the fully grown diffusion l aye r .  
At dis tance L* the th ickness  of the diffusion l aye r  becomes  comparab l e  with that of the liquid 
fi lm. In phys ica l  t e r m s ,  this co r r e sponds  to r e l a t ive ly  low values of the prandt l  number  (Fig. 3). 
In this case  the dis tance over  which the diffusion l ayer  at tains full growth becomes  the c h a r a c -  
t e r i s t i c  dimension.  The m a s s - t r a n s f e r  coeff ic ient  is now de te rmined  by inser t ing  the value of L* 
from (20) into (21): 

D 
5 

or ,  taking, into account  (9), 

[~=10.2 D ( ro ~'/a o~ 2/a . (23) 
v,/3 \ Oo / q,/3 

In this case  the m a s s - t r a n s f e r  coeff icient  is p ropor t iona l  to the diffusivi ty and an inc rease  in the 
flow ra te  of  the liquid reduces  the mass  t r a n s f e r .  

c. L >> L*. The length of the s p i r a l  exceeds  by far  the length of the diffusion l aye r .  In this case ,  
beginning at  s o m e  dis tance ,  liquid will accumula te  on the sp i r a l  wall.  In o rde r  to account for 
this in the calculat ion of the m a s s - t r a n s f e r  coefficient ,  one must  solve the s a m e  equation of 
convect ive diffus ion (13) but with different  boundary conditions: 

for y ::: 6 c : :  cL~ (at the interphase boundar3;) 

for y = O  Or', = 0 ,  c--co(x) (at the spiralwall). 
Oy 

(24) 

Moreove r ,  the concentra t ion at the sp i r a l  wall  must  be de te rmined  f rom that  solution. The bound- 
a r y  conditions (24) a r e  sa t i s f i ed  by the s econd -deg ree  polynomial  

c(x, y) = Co(.~L_[_(1 co(.) ) y" 
c~ c~ c~ 52 (25) 

Solving Eq. (13) with the boundary condition (25) by the method desc r ibed  h e r e ,  we find an e x p r e s -  
sion for the unknown concentra t ion at the s p i r a l  wall: 

c 0 ( ~ ) - - 1 - - e x p (  40 ~ d6~x) ) 
c~ 11 Pe ' (26) 

The m a s s - t r a n s f e r  coeff icients  must ,  of cour se ,  be averaged  o v e r  the dis tance f r o m  0 to L (L denoting 
the length of the sp i ra l ) .  Moreove r ,  (15) d e s c r i b e s  the concentra t ion prof i le  f rom 0 to L* and (25) de -  
s c r i b e s  it f r om L* to L.  
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According to the definition/~ = 1__ i ' D  [ O ~ )  

0 

dx, we find 

. . . . . . . . . .  I ( ..... 
fJ=: 14.7 _D_. 11 PoD 0.815--exp 

6 20 L . 11 Pe6 ] 
(27) 

where  5 and L* a r e  given by formulas  (9) and (19). 

This  analys is  of poss ib le  m a s s - t r a n s f e r  modes leads to the following conclusion: the coefficient  of 
mass  t r a n s f e r  to the liquid phase  is a function of the diffusivity and of the hydrodynamic p a r a m e t e r s ,  but 
different  for  shor t  sp i r a l s  where  the diffusion l aye r  cannot fully grow (case a), for medium- long  sp i r a l s  
where  the thickness  of the diffusion l aye r  is comparab le  with the f i lm thickness  (case b), and for long  
sp i r a l s  where a boundary layer  builds up in the p roce s s  of convective diffusion (case c). 

U~ V 

P 
R(x) 
X , Y  
Pa = const  
h0 
q = V o ~  
v = (3 /2 ) (q /5 )  

= o / h  o 
= k / h  0 = r0/00110 
= ~: (vo/ho) 

5 d 
Re = q / v  

Pe = q / D  

N O T A T I O N  

a re  the projec t ions  of the veloci ty  vec tor  V on the x and y axes ,  respec t ive ly ;  
is the p r e s s u r e  in the liquid film; 
is the radius  of cu rva tu re  of the spiral ;  
a re  the projec t ions  of body forces  on the x and y axes ,  r e spec t ive ly .  
is the p r e s s u r e  at  the su r face  of the liquid l aye r ;  
ts the initial f i lm thickness;  
ts the flow ra te  of liquid; 
Is the c h a r a c t e r i s t i c  velocity;  
Is the d imens ion less  f i lm thickness;  
is the d imens ionless  p a r a m e t e r  of an Arch imedes  sp i ra l ;  
,s the angular  ve loc i ty  of a rotat ing sp i ra l  channel; 
is the thickness of the diffusion layer ;  
ts the Reynolds number ;  
is the Pec le t  num b er .  
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